Abstract: A theoretical analysis of the operation of a chemical sensor based on cavity-enhanced optical absorption is given for a system in which the cavity is a dielectric whispering-gallery microresonator. Continuouswave input is assumed, and the detection sensitivity is characterized in terms of an effective absorption path length. In the case of tunable singlefrequency input, it is shown that monitoring analyte-induced changes in the throughput dip depth enables detection with relative sensitivity greater than that of frequency-shift and cavity-ringdown methods. In addition, for the case of broadband input and drop-port output, an analysis applicable to microcavity-enhanced absorbance spectroscopy experiments is given. 
Introduction
Dielectric microresonators that support whispering-gallery modes (WGMs) are becoming increasingly useful for numerous applications in optics. These resonators can be spherical, cylindrical, disk-shaped, or toroidal; light in a WGM circulates around the circumference of the resonator, localized near the surface by total internal reflection. The impact of these devices is based on certain attractive properties of WGMs, such as high quality factor (Q) and low mode volume, and on the possibility of efficient coupling of light into and out of these modes [1] . The high Q of a WGM means that light makes many round trips in the resonator. This feature, combined with small mode volume and efficient coupling using prisms, anglepolished fibers, or tapered fibers, makes high intracavity power enhancement easy to achieve. Various applications such as filtering, lasing, modulation, nonlinear optics, sensing, and spectroscopy are enabled by these properties of WGMs [2] .
In the application area of label-free chemical detection and spectroscopy, several methods of using WGM microresonators have been reported. Part of the WGM field extends outside the dielectric, and it is this evanescent portion that interacts with the surrounding medium. Analyte molecules in the ambient or on the resonator's surface can then be detected by measuring the frequency shift of a WGM caused by the analyte's perturbation of the ambient's index of refraction [3, 4] . In addition, analyte absorption will change the effective Q of the WGM, and the modification of mode linewidth can be measured [5] . One can also envision using cavity-ringdown spectroscopy [6] . The method described in this paper is more closely related to other earlier work [7] in that what is measured is the analyte absorption effect, for continuous-wave input, on either the depth of the throughput dip (Section 2) or the strength of the drop signal (Section 3). As explained below, the former can be more sensitive than other tunable single-frequency methods, and the latter lends itself well to broadband spectroscopy. These techniques will be described in the next two sections and discussed further in Section 4.
Tunable single-frequency operation
Consider a microcavity in which light is coupled into a WGM from an adiabatically tapered fiber tangentially in contact with the resonator. Tunable single-frequency light is injected at one end of the tapered fiber and the throughput spectrum that is detected at the other end will display a Lorentzian dip for each WGM resonance excited.
The microcavity can be modeled as a four-mirror ring cavity, as depicted in Fig. 1 , in which one of the mirrors is partially transmitting while all the others are assumed to be perfect reflectors. The ring cavity model is a valid analog to a fiber-coupled microresonator when only a single fiber mode is excited. For light incident on a microresonator this is accomplished by making the first fiber taper transition adiabatic. However, light coupling out of the microresonator can couple into many fiber modes, and any light coupled into higherorder modes will be lost if the second taper transition is also adiabatic. Fortunately, it is possible to make this lossy coupling into higher-order fiber modes negligibly small by properly choosing the diameter of the tapered fiber [8] . A round-trip power loss α L, where α is the loss coefficient and L is the microresonator circumference, is assumed; it models the intrinsic loss (primarily surface scattering) of a WGM microresonator. The mirror reflection and transmission coefficients r and it, relating to the field mode amplitudes, are taken to be real and imaginary respectively without loss of generality; this corresponds to the usual choice for fiber or prism coupling [7, 9, 10] . The assumption of negligible power loss into radiation modes requires that these coefficients satisfy the relation 2 2 1 r t − = . Because Q is so high, even under conditions of loading by the coupler, the intrinsic round-trip loss and the coupling loss (mirror transmissivity or probability of photon tunneling between fiber and microresonator) will always be small, so 1 << L α and 1 2 << = t T will be assumed throughout this work. By summing the field over round trips, the net reflected power fraction (fiber throughput fraction) is found to be 
where
is the round-trip phase accumulation due to detuning of the input frequency ν from resonance 0 ν (c is the speed of light and n the resonator's index of refraction). The deviation of the throughput fraction from unity gives the dip profile: 
This function is the usual Airy profile, with maxima at δ = p2π, p = 0, 1, 2, …. The spacing of 2π between adjacent modes is the free spectral range (FSR) in phase. (Recall that the FSR in frequency is given to good approximation by ) /(nL c . Because many higher-order WGMs can be excited, the actual spacing between adjacent modes is much less than the FSR.) The full width at half-maximum of a WGM resonance is thus seen to be given by , and is given by
If x = 1, critical coupling is obtained and the dip depth attains its maximum value of 100%; the microresonator is said to be undercoupled if x < 1 and overcoupled for x > 1. While the coupling loss remains constant, the effective intrinsic loss can be changed by interaction of the evanescent fraction ( ) f of the WGM with the surrounding medium. The effective loss coefficient can then be written as
, where the three terms denote true intrinsic loss, absorption (and perhaps also scattering) by the analyte, and absorption in the solvent (or ambient).
Absorption by the analyte causes a change in dip depth that, when small (weak analyte absorption), is proportional to the change in analyte absorption coefficient, in analogy with Beer's law. A theoretical effective absorption path length 
In the absence of solvent absorption, this effective absorption path length can be expressed as
This effective length is defined in the low-analyte-absorption limit,
, which is the condition for Eq. (4) to hold. Note that in the strongly undercoupled or overcoupled limits (x << 1 or x >> 1) the relative detection sensitivity is determined by the intrinsic loss only. This can be advantageous, since having the tapered fiber in contact with the microresonator tends to produce overcoupling, especially when the system is immersed in a liquid. Thus in the strongly overcoupled case, this method has greater relative sensitivity (here, fractional change in dip depth) than the frequency-shift, mode-width, or ringdown methods, all of whose relative sensitivities are determined by the total loss. Recall that the total loss determines the linewidth and the cavity lifetime, and in the overcoupled limit coupling loss dominates. The relative frequency-shift sensitivity is measured as a fraction of the linewidth, the change in mode width is relative to the full width, and ringdown measures the fractional change in the overall lifetime.
An experimental effective absorption path length . In effect, solvent absorption can shift the sensor from one sensitive regime to another -from strongly overcoupled to strongly undercoupled, enabling absolute analyte sensitivity, i.e., actual signal amplitudes, that would be difficult to achieve in single-pass direct absorption through the same effective path length.
Broadband operation
In this model a microsphere, with one prism coupler used to excite precessing modes [12] , is taken to be analogous to a ring cavity with two identical partially-transmitting mirrors. Here we will concentrate on the transmitted signal (drop power output, enabled by precession and detected by a spectrometer) rather than the reflected signal (throughput). See Fig. 2 below.
First consider single-frequency response. Summing over round trips and arbitrarily taking the second partially-transmitting mirror to be at half the round-trip distance from the input mirror (the final result will not depend on this choice), gives the drop power fraction: Now, consider the case where the input is broadband and the drop signal is detected by a spectrometer, which integrates over a frequency interval that we will take to be equal to the FSR (for convenience; again, the final result will not depend on this choice, and the spectrometer resolution interval may be greater than or less than the FSR, as long the conditions noted below are satisfied). Assuming the input power, the reflection and transmission coefficients, and the intrinsic loss all to be independent of frequency over this interval, the integrated drop fraction I D , the fraction of the incident power in the integration interval that is transmitted out the drop port, is given by 
The spectrometer signal will be proportional to this integrated fraction times the incident power in the detection interval. Note the functional dependence of the detected signal on the linewidth (or total loss) L T α δ + = Δ 2 in the two limiting cases of large and small linewidth. The first limiting case says that when the linewidth fills the integration interval, the drop fraction equals what would be found by using a single-frequency source tuned to WGM resonance; this holds for either low Q or many overlapping modes in the integration interval, so that integration introduces no additional linewidth dependence. The second limiting case is the usual one for well-separated modes, and is the same as that which results from approximating each WGM's narrow transmitted lineshape as a Lorentzian; this holds as long as the integration interval is wide compared to the WGM linewidth.
Let the effective loss coefficient now include, in addition to intrinsic loss, a contribution due to absorption (and scattering) by the analyte filling the evanescent fraction f of the WGM:
The effect of the analyte on the resonant (single-frequency) drop signal a D 0 , when analyte absorption is a small fraction of the total loss, can be written in terms of an approximate effective absorption path length L eff as defined below:
Here, L eff is the effective absorption path length as defined in the low-analyte-absorption limit. However, the last expression for Then, for broadband input, the integrated drop fraction in the presence of analyte, Ia D , will also be given by Equation (9) in the large linewidth limit. For precessing-mode dropport output collected without being spatially filtered by an aperture [13] , this limit applies, for the following reason. The incident focused light (Fig. 2) incorporates a bundle of wavevectors and so excites precessing modes over a range of angles with respect to the equatorial plane. The round-trip distance depends on this angle in a spheroid, so the precessing modes are frequency-shifted by amounts depending on angle. The result is many modes (not just a range of different angles, but also ranges of different radial orders and different polar orders) that overlap to fill the integration interval, so when the analyte absorption broadens the linewidth and reduces the transmission of each mode, the broadening is not noticed, because the integration interval remains filled. Thus only the decrease in amplitude is observed, just as in the single-frequency resonant case. The overlapping of modes also means that the exact value of the spectrometer resolution interval does not matter. This large-linewidth-limit functional dependence of the integrated drop signal on eff a L α as given in Eq. (9) has been tested in recent experimental work [14] , described briefly below.
Discussion and summary
A method for whispering-gallery microcavity-enhanced chemical sensing has been described. Two implementations of this method have been considered in detail. The first involves using a tunable single-frequency laser and observing changes in the depth of the throughput dip caused by absorption by the analyte in the evanescent fraction of a WGM. The relative sensitivity was shown to be determined by the intrinsic loss only, in the cases of strong underor overcoupling. In these cases, a significant dip can still be observed; for example, x = 0.05 or x = 20 produce M 0 = 0.18. In this example, in the overcoupled case, the total loss is twenty-one times the intrinsic loss, so a ~20× enhancement in relative sensitivity compared to frequency-shift or ringdown methods is obtained. ). Using a cylindrical microresonator with Q ~ 5×10 6 [11] , experimental effective path lengths of about 1 cm are found for trace amounts of methane, ethylene, or methyl chloride in air at atmospheric pressure. The dip depth is monitored by locking a WGM to the laser as the laser is scanned over absorption lines for wavelengths around 1.65 μm. Agreement with theoretical effective path lengths is very good.
The second implementation uses a broadband source and spectral detection, using a spectrometer with resolution assumed to be of the order of the resonator's FSR (the FSR is about 200 GHz for a 330-μm diameter microsphere, or 0.2 nm for wavelengths around 550 nm). Precessing modes in a microsphere are employed to give a drop spectrum that is modified by analyte absorption. In this case, the total loss determines the sensitivity, but with prism coupling it is more likely that the system will be in the undercoupled limit. The setup shown in Fig. 2 has been used for the detection of Lissamine Green B dye in pH 5 citrate buffer using a 635-nm LED light source [14] . Effective path lengths of about 1 cm were observed, and the behavior of the drop signal as a function of concentration (hence α a ) was in most cases as predicted by Eq. (9) .
Although the agreement so far between experimental results and the theoretical model presented here is encouraging, this analysis has neglected certain effects that might need to be taken into account to do a detailed comparison with future experimental results. One of these is saturation (or reverse saturation) of the absorption in the analyte and perhaps also in the solvent. Another is the effect of the dielectric microresonator's surface on the analyte, through the orientation of molecules that adsorb onto the surface or by the induction of a concentration gradient near the surface.
